Analyzing the Einstein radiolocation method we come to the conclusion that results of any measurement of space-time coordinates should be expressed in terms of rational numbers. We show that this property is Lorentz invariant and may be used in the construction of discrete models of space-time different from the models of the lattice type constructed in the process of discretization of continuous models. § 1. Discrete models of space-time without elementary length There is a common belief 1 ) that discrete models of space-time must suffer from at least three chronic diseases:
§ 1.
Discrete models of space-time without elementary length
There is a common belief 1 ) that discrete models of space-time must suffer from at least three chronic diseases: i)
They introduce the experimentally not found elementary length.
ii) They violate experimentally verified relativistic invariance.
iii) They legate their mathematics from the continuous models.
In the present paper we shall show that this belief is not justified and in order to present our approach we should like to start from the very beginning, i.e., from the analysis of general properties of the experimental methods used to measure spacetime coordinates.
The notion of space-time is a physical concept and if we want to be able to understand all its features we should take into account and understand the measurement methods of any quantity used in the mathematical description of space-time. In particular, we must precisely define the method of measuring space-time coordinates the results of which, due to the principle of relativity, have a subjective character for each observer.
We consider Einstein radiolocation method 2 ) as a starting point of our discussion. For the completeness of the paper we shall remind here its basic idea in spite of the fact that it is well-known. In this method in any inertial reference frame stiffly connected to a given observer we measure two quantities: i) the instant of time t1 when a sharp light signal is sent towards the investigated event and
ii) the instant of time t2 when this signal, reflected by an ideal mirror situated in the place of the investigated event, is detected at the place of its emission.
Having t1 and t2 measured the observer who always is located at the origin of his reference frame can ascribe to any investigated event its time and space coordinates A. Horzela, E. KapU §cik, ] . Kempczynski and C. Uzes according to the formulas
where c is the velocity of the light signal. Clearly, the observer's space-time coordi-. nates are equal to (t, 0) because for him t1=t2.
In order to get space-time coordinates of the same event in any other inertial reference frame we must follow in the other frame exactly the same procedure.
Obviously, in the new reference frame the time of emission t{, the time of detection t2 and the time of reflection of the light signal t' will take values different from t1, t2 and t. Under the assumption that the events (t=0, x=O) and (t'=O, x'=O) coincide, the present day special relativity theory relates the times t{ and t~ to the times t1 and t2 in the following simple way:3)
where the dimensionless parameter).. describes the mutual relation between the two reference frames. Special relativity theory rejects the Newtonian concept of absolute time and we may have).. = 1 only for the reference frames mutually resting. If the reference frames ar~ in relative motion then).. =1= 1 and we may express).. in terms of the relative velocity. In the new reference frame we ascribe to the investigated event the space-time coordinates
and expressing x' and t' by x and t with the help of (3) and (4) we get
The relations (7) and (8) are the famous Lorentz transformations written in a slightly unusual form. In fact, it follows from (7) that the velocity of the relative motion of the reference frames is equal to (9) and expressing).. in terms of (v/c) we get from (7) and (8) the standard form of the Lorentz transformations:
The formalism using it as a parameter of the transformation is however much more convenient for our purposes. Often it is also more simple what may be illustrated on the example of the composition law of two subsequent Lorentz transformations. Written in terms of it it is given by the ordinary product (12) while in terms of the velocities it is
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(13)
Customarily in the radiolocation method it is always assumed that the results of the measurements of the times t1, t2 and of the parameter it take continuous values. This assumption is the basis for the construction ofthe ordinary relativistic model of space-time in which the values of all coordinates in any system of units belong to the set of real numbers. It is, however, easy to understand that such an assumption is a far going and, as a matter of fact, not well-founded idealization. The point is, that in any measurement process all measured quantities are rational, not real, numbers. It is so because all numbers obtained in any measurement always are the results of some comparison of the measured quantities with established standards which define the system of physical units. In particular, in the radiolocation method the times t1 and t2 are always rational numbers independently of the chosen units of time. So the assumption that in any system of units the times t1 and t2 are rational numbers is closer to the experimental reality than the assumption that they are real numbers. It is not less important that rationality of all experimental data is invariant under any change of the system of units. This property is obviously not fulfilled in the case of integer numbers. Here we want to stress that the enumeration of points in space-time is something quite different from the ascribing values of coordinates to these points. Up to now 1 ) in all discrete models of space-time both these concepts have been identified and this leads immediately to the idea of elementary length, because there is always a distance between any two integer numbers. In contradiction to that rational numbers are dense in the set of real numbers and therefore for them there is no sense to talk about any minimal distance. The set of rational numbers is isomorphic to the set of integer numbers and therefore using rational space-time coordinates we indeed deal with models of discrete space-time, but without any "holes" however.
It is easy to see that when t1 and t2 are rational then the time t and the distance x are also rational. It means that understanding discreteness of the space-time as rationality of the values of coordinates ascribed to events we are able to build discrete models of space-time in which there is no place for the concept of elementary length. § 2. Relativistic invariance in discrete models of space-time
We shall continue our considerations with the remark that Lorentz transformations (3) and (4) preserve rationality of the quantities tl and t2 if the parameter /\ is rational also. Similarly (7) and (8) preserve the rationality of the quantities x' and t' provided x, t and /\ are rational. The same conclusion can be applied to the relative velocity v given by formula (9). In this way all structures of discrete models of space-time remain invariant under Lorentz transformations and discreteness of these models does not contradict relativistic invariance.
Lorentz transformations written down in their standard forms (10) and (ll) must be treated however more carefully because of the square root in denominator. Here the simple assumption of rational values of x, t and v is not enough to assure rationality of x' and t'. But it is not difficult to solve this seeming inconsistency. At first we should notice that the formulas (10) and (ll) are secondary with respect to formulas (7) and (8) which perfectly work for rational numbers. The consequence of (7) and (8) is that the velocity v in (10) and (ll) is not unrestricted. Indeed, from the formula (9) we can immediately see that (vic) takes rational values only and
is a rational number also. In this way we come to the conclusion that both previously analyzed formulations of Lorentz transformations do not lead out of the set of rational numbers. In discrete models of space-time relativity therefore is not broken! Relativistic invariance is the basic property of physical space-time and any experimentally based model of space-time must respect it independently of what kind of coordinates has been ascribed to the events. In particular, this property cannot depend on the fact whether we work with continuous or discrete space-time coordinates because physics cannot depend on the values of coordinates. In the previous section we have shown that constructing discrete models of space-time with rational coordinates we strictly follow experimental reality in any inertial reference frame and in any system of units. Now we see that understanding discreteness of space-time in such a way we do not lose relativistic invariance as well.
) § 3. Possible mathematical tools of discrete models of space-time
Mathematical models used in the description of space-time are crucial for the whole mathematics used in physics. In the case of continuous models of space-time classical physics uses powerful methods of differential calculus and as a rule all fundamental laws of physics are formulated in the form of differential equations. In the case of discrete models of space-time this possibility is lost. We must therefore find new mathematical methods.
In the standard approach to discrete models of space-time all differential equa-tions are replaced by difference equations. I) We are convinced that such an approach does not follow our basic ideas on discrete space-time presented above and therefore we shall not use it. In our opinion any approach based on difference equations may be considered only as discretization of the already existing continuous models but should be avoided in an autonomous construction of discrete models. Any comparison of the discrete models with continuous ones may be performed only after we have obtained in both kinds of models all the physical results using different and independent methods. Only in such a way it could be claimed which approach is better and what are its fails or advantages. That is why we state that any model of space-time must choose its own methods consistent with its internal properties. From that point of view mathematical analysis is a natural method for investigation of the continuous models of space-time. In the same spirit difference analysis can be applied only in these models where coordinates of events are not dense in the set of real numbers. In the previous section we have shown that the main difficulties of discrete models disappear when we assume that coordinates are rational numbers which are dense in the set of real numbers. This is why we claim that difference equations are not appropriate tools in our approach. Mathematics, apart from mathematical analysis, developed other powerful methods. In particular, we think that algebraic methods are the most suitable in the construction of mathematical methods of physics with discrete models of space-time. Unfortunately, at this moment we cannot prove this statement in general and we have to restrict ourselves to the simple illustration only. We shall do it in the framework of classical mechanics.
Let us start with the simplest example· of the free motion of material point. In continuous models of space-time the trajectory of the particle is described by
where A and B are vector-valued constants, which usually are fixed from the initial values of position and velocity. We find it better to fix these constants in terms of the positions of the particle at two different instants of time t1 and t2. Expressing these positions by Xl and X2 we get from (15) the following function :
Using now the notation t3 for the running time t and X3 for the running position x(t) we obtain from (16)
This equation affects positions and times of three points on the trajectory of the particle and it is clear that this algebraic equation is consistent with the assumption of rational values of positions and times. Equation (17) can be an example of an algebraic equation of motion in discrete models of space-time.
In the case of general motions in force fields we get algebraic equations in the form (18) where the function a depends on the particular shape of the force. Assuming that the values of this furiction are rational numbers Eq. (18) will remain consistent with the assumption of rationality of positions and times. The same procedure can be followed in more general cases described by equations (19) where /;(Xl, X2, X3; tl, t2, t3) (j=l, 2, 3) and g(Xl' X2, X3; tl, t2, t3) are three scalar functions and one vector-valued function, respectively, of the arguments explicitly shown. The explicit forms of these functions depend on the details of dynamics but in any case all of them are defined for rational values of arguments and take rational values only. Equations of the type (19) represent the most general algebraic equations of motion in the framework of discrete models of space-time.
It is clear that similar methods may be applied for the other physical theories too. But before continuing such investigations it is necessary to formulate some guiding physical principles allowing to construct the suitable algebraic equations without any reference to the results obtained within standard continuous formalism. We regret it very much that at this moment we do not know such principles and the presented approach may be considered only as a program of further investigations and not as a fully closed scheme. In this paper we wanted to describe only the possibility of a new look on the structure of discrete models of space-time. To develop it further we should be ready to sacrifice many customs and prejudices of continuous physics. For example, we should start to think about all wave processes as discrete processes in the spirit of modern digital signal processing. This is the only way operationally defined and all continuous representations of waves must be considered as idealizations with limited ranges of applicability. Also the approach to the quantum physics 5 ) must be purely algebraic and we refer the reader to our separate paper. 6 )
